S.-T. Yau College Student Mathematics Contests 2024

Analysis and Differential Equations

Problem 1. Let Q : R — R be a C function, i.e. it is smooth and has compact support. We
assume @ is even, i.e. Q(x) = Q(—x). We assume @ is non-trivial, (i.e. @ does not equal to zero
everywhere).

Let T} (z) := 2Q(z), and let Ts(z) = 22Q(x). Let Ty := e~ (1 + 22024)
We also introduce the following notation. For any f : R — R, A > 0,« € R, we define

1 Tr—«

fra(@) = Wf(T) (0.1)
We claim: There exists § > 0,¢ > 0, so that for any ¢ € R with |¢| < 4, one can find unique \, «
such that the followings hold
LJA=1|+]o| <e
2. <Qra—Q—clz, T1>=0
3. <Qra—Q—clz, To>=0

(Here, for any two functions f1, fo, we define< f1, fo >:= { f1 () fa(x)dz).
Is the above claim correct? Prove your conclusion.

Problem 2 Recall for every f € L?(R?), one has that g(z) := (—=A + 1)71f is a well-defined
L?(R3) function. And one may compute g by solving

(—A+1)g=f (0.2)

(Recall A in R? is defined as A := 3% | 02, also recall one may also define (—A + 1)~* by Fourier
theory.)

Now, let V(z) := e~I#I| 2 € R3. Prove that the operator T := I + (—A + 1)~V is invertible in
L2

(Here, Tf := f+ (-A+ 1)~V f).)

Problem 3 Let ¢(§) € CP(R) be smooth and has compact support. Let ¢(§) = 0,V|¢] = 1.

Let f1(), f2(§) € CP(R) , i.e. fi, fo are smooth and have compact support. Let u; : R x R — C,
1 = 1,2, be defined as

il )= f B(E) Fr(©)e’ s e e de,

: ) (0.3)

u2(x1,x2) = f 'I,ZJ(U — 10)f2(7’)ei779316i77 902d77
R

Prove there exists a constant C, which may depend on 1, but does not depend on f1, f2, so that
luruz| 22y < Cllfillrzw)lf2l2r)- (0.4)

(Hint: Omne may try to use Plancherel Theorem. It may be useful to observe that if one let
H(&,n) = f1(€) f2(n), then ||H|| 122y are also bounded by | f1]z2(w) | f2llL2®))



Problem 4 Consider the heat equation in R?. Let u = u(t,z) is a solution to

ou
E—AU*O,

u|t=0 = Ug € L2.
Then there exists a universal constant C' such that
* 2 2
| Izt < .
Problem 5 . Consider the Fourier transform. Let
Ty
Qan)@) = [ | Ble =l T o) )y,

—yl

SN—l

where B is a given two variable function, stands for the unit sphere in RY and

ooty emyle o, ady |z —yle

2 2 ' 2 2

(0.5)

Then

—_

QD)) = m ™R [ Bl g @)ale” + (€7~ n)dod,

where B(|n|, ) := §y Bllal, t)e~"17dq, §* 1= <.



