S.-T. Yau College Student Mathematics Contests 2019

Analysis and Differential Equations
Team (5 problems)

1) Show that there is no non-zero f € C§°(R?) (compactly supported smooth function) so that its Fourier

~

transform f(&) is also compactly supported.

2) Prove the following classical interior Schauder estimates:

There exists a universal constant C, for all smooth compactly supported functions u, f € C§°(R3) with
Au = f, we have
lullcz.e < Clfllcoe,

where 0 < a < 1 and || - ||gr.« are Holder norms.

3) Let (X, A, 1) be a probability space and let T': X — X be a measurable and measure preserving map,
ie., for all A € A, we have u(T~'(A)) = u(A). For A,B € A, if u(A — B) = u(B — A) = 0, we say
that A = B a.e.

Assume A € A such that T~!(A) = A a.e..Prove that there exists a set B € A so that T~'B = B and
A=DBa.e.

4) TIs there an entire function f with infinitely many zeroes, so that for every r € (0,1), there exist
constants A,, B, < oo such that
/()] < ApePr]

for every z € C?

5) Let u(t,z,y) be a smooth real function defined on R x R? where t € R and (x,y) € R%2. We assume
that it solves the following semilinear wave equation:
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If the supports of the initial data «(0,z) and ot

(0,x) are compact, prove that, for all ty € R, the

0
supports of u(tg, x) and a—?(tm x) are compact.



