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1 Problems

1.

()

A symmetry transformation in quantum mechanics is represented by
a unitary or anti-unitary operator acting on a Hilbert space. The
time reversal transformation © relates the wave function at time ¢ to
time —t. Prove: © is an anti-unitary operator.

(5 points) solution: We have the evolution operator U (t,0) = e~ /"
and so we have

¢, ) = U(t,0)|4,0)

Here |1),0) is the state at t = 0. If a system is invariant under
time-reversal symmetry, then its evolution operator satisfies

0 U (t,000 = U'(t,0)
Infinitesimally, we have
(1—-1itH/h)© =O(1+itH/h)

and
(—itH/h)© = ©(itH/h)

We have: if © is a Unitary operator, then HO = —OH, this is con-
tradictory as if |n) is an energy state with eigenvalue E,,, then O|n)
would be an energy eigenstate with energy — F,, this is contradictory
even for the free particle. So ©® would be an anti-Unitary operator.

Consider state vector |¢) for a quantum system. A time reversal
transformation is represented by an anti-unitary operator . We now
consider position space wavefunction 1 (x) = (z|¢), and Olx) = |z).
Prove: the position space wave function for ©[¢) is

P(z)*

(5 points) solution: The state |¢)) can be expanded using the posi-
tion eignenstate |z) as follows

wozjdﬂw@w>

Then we have (using the anti-unitary property of ©)

01} = & [ dafa) (alv) = [ dol(alu))Ola) = [ da((alv))’la)

so ©ly) has position wave function (x|¢))* = ¥ (x)*.



(¢) A one dimensional quantum system is invariant under time reversal
transformation, and so its Hamiltonian satisfies ©H = HO. If an
energy eigenstate |t) has no degeneracy, Prove: it is possible to take
the position space energy eigenfunction to be real:

P(x)" = h(x)

(5 points) solution: For an energy eigenstate |n), so H|n) = Ep|n).
Then ©|n) is an energy eigenstate with energy F,. Since F,, has no
denegeracy, |n) and ©|n) has to be linearly dependent, namely there
is a complex number A such that

Oln) = Aln)
Since the wave function for O|n) is ¢ (z)*, we have the equation

Pr(x) = A (x)

Since the wave function has the freedom of multiplying a complex
number with |A| = 1, we can use this freedom to choose the wave
function to be real.

2. Consider following quantum Hamiltonian:

2

p 1 1
Ho= 2t Lt + By Lt

This is the Hamiltonian for two decoupled harmonic oscillators.

(a) Calculate the eigenstates and eigenvalues for Hy (an energy eigen-
state could be labeled as |nj, no)).
(5 points) Solution: Define operators
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they satisfy the nontrivial commutation relation
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[al,aﬂ =1, [ag,ag] =1
The Hamiltonian becomes
Hy = hw(a{al + a;ag +1)

The eigenstates are found by starting with a state |0, 0) which satisfies
the condition
a1|070> = Oa a2|030> =0



An energy eigenstate is formed by the state

(a])™ (a})"

\/711! \/7’L2!

|n17n2> = |070>

and the energy is given as

(m —+ %) —+ l)hw

(b) Assume the creation and annihilation operators for two harmonic

oscillators are aj, a;,i = 1,2. Define following operators

i

ii.

1
Jp=dlay, J_=dla, J.= 5(‘{{@1 — alay)
Prove that: [J,, Jy| = +Jy, [Jo,J -] =2J..

(5 points) Solution: Using the commutation relation
[a1,a]] = 1, [ag,al] =1

to directly verify the commutation relation.

Consider one eigenvalue E,, of Hy, (here ny + ny = n). Prove
that: all eigenstates of E,, form an irreducible representation of
su(2) Lie algebra, and compute the spin.

(5 points) Solution: The energy eigenstates of F,, has degener-
acy n + 1, which form a space M,, on which there is a su(2) lie
algebra action, with the operators J,, Jr. Consider an energy
eigenstate |ni,n2), we have

1
J|na,n2) = 5 (afar — afaz)(a])™ (a})™[0,0)
1
= 5 (1 —n2)ln1, na)

S0 |n1,ng) is the eigenstate of J, with eigenvalue %(nl —ng). The
maximal eigenvalue is 5, and the minimal eigenvalue is —%(n)
So it forms a spin 5 representation.

(¢) Consider following perturbed Hamiltonian (A is small)

H = Hy + \23p;

Compute the first order correction to the energy for the energy level
n1 + ng = 2.

(10 points) Solution: There are a total of three states a; = |0,2), g =
[1,1), a3 = |2,0) for n = 2. We need to compute the three by three
matrix

! !
(n1, n2|95%17§|”1a ngy)



and then compute the eigenvalues of this matrix. Since x; and ps
commute, and so

’ ’ ’ ’
(n1, nal2tp3lng, ny) = (nafai|ng ) (nalp3|ns)

Next, using the expansion in creation of annihilation operators:

x} = (a2+(a})*+aral+alay), p2 = (a3+(ab)?~azal—abas)

2mw 2mw

The nonzero matrix element for 2% is (0|z%|2), (0|2%|0), (1]2%|1), (2|2%|2)
(and conjugate), and their values are (we ignore the factor

2mw)
(0lz3[2) = V2, (0]27]0) = 1, (1]aF[1) =3, (2[27]2) =5

similarly the nonzero matrix element for p2 is (0[p3|2), (0[p3|0), (1|p3|1), (2|p3|2)
(and conjugate), and their values are

(O[p3|2) = v2, (0[p3]0) = —1, (1|p3|1) = -3, (2p3]2) = —5
So the non-zero matrix element is
(0,2[23p3(2,0), (0,2[27p310,2), (1,1]23p3[1,1), (2,0[z3p3|2,0),

and the matrix is given as

-5 0 2
0 -9 0
2 0 5
The eigenvalue of above matrix is given as Ay = —9, s = —7,\3 =

—3.
3. A Killing vector field k:“a% satisfies the equation k:A&\gW + 8Hk:Ag>\,, +
8y]€>‘g)\u = 0.
(a) Prove: D,k, + D,k, =0, here D,, is the covariant derivative.
(5 points) Solution: By definition
Dyky + Dyky = Ok, — T4, kp + 0k — Tk,

Since the connection is given as

1 o
F;pw = §gp (8uguo + 6ug;w - aog;u/)

The above equation simplifies
Dyku + Duku = 8yku + auku - kpgpa(a/_tgua + augua - aag;w)
= a[l,kl/ + auk,u - ko(augua + al/g,uzf - aﬂg[l.l/)
= 8;L(kagua) + al/(kaguo) - kg(a;tgua + al/guo - 6(79”1/)
= guoap,ka + gp,o'aukg + kaaag;w
=0

In the last line, we use the definition of Killing vector field.



(b) For a moving particle in gravitational background with a Killing vec-
tor field, Prove: kP, is a conserved quantity, Here P, = m% G

is the momentum for the free falling particle with trajectory z* (7).
(10 points) Solution: We need to verify
d

L prp ) =
d’T(k M) 0

Substitute the definition of P,, we need to compute

d piw d, . . : ,
E(Mm Guv) = E(k“xu) = 0, (k")

— 2@ D, (ky) + ik, D it

The first term is vanishing due to the fact D,k, = —D,k,, which is
valid because k,, is the Killing vector field. The second term vanishes
by using the equation of motion for the free falling particle

ij;“ —TIb P37 =0 —

dr i o
Dyt =0

4. Consider following metric

2M
ds* = —(1 — =—=)dv* + drdv + r*>dQ>
r

Here df2? is the standard metric on two sphere. Consider the hypeysurface
defined by S = r — 2M = 0, and a vector field | = f(z)(g"V9,S)»2:, here

Ozt
f(x) is a non-zero function. Prove:
(a) I is normal to the surface S.
(5 points) Solution: In the particular metric, [ = f’(az)% The tan-
gent space for S is generated by the vector (0,99, 0g). We have the
inner product

9 (@) 5o 00) o g = (1= 200, (). 0,0) = 0, g(F () 5.05) = 0

r

On S, we have r = 2M, so [ is normal to the tangent space of S.

(b) 2 =0 on the surface S.
(5 points) Solution: Direct computation:

P = g7 ) o ) o) = (@) = Fl@)2(1 — 22

on S, we have r = 2M, and so > = 0.



()

8% is a Killing vector field.

(5 points) Solution: Using the definition of Killing vector field
k’\aAg,“, + @Jﬂ)‘g)\y + 8,,16)‘9)\# = 0. For the vector field %, only
the component £V = 1 which is constant, other components are zero,
so the Killing equation becomes

k)\aAgﬁw = k"0, (gul/)

Since the coefficient of the metric do not depend on v, the above
equation is zero.

5. The energy momentum tensor for a relativistic quantum field theory is
denoted as 6", which is symmetric and conserved.

(a)

Define new current s = z,0"" and KM = g2 — 236)‘3099"“. Com-
pute 0s, and 0, K A and explain the condition on 6 so that these
new currents are conserved.

(5 points) solution: Direct computation

] — QM AL o App
Ms, =0, 0K ==2x"0)
These new currents are conserved if 6 is traceless 01‘2 =0.

Consider a scalar field o(z) which transforms under a scale transfor-

mation as
b0 =2 o+ f1

we have following Lagrangian

2
_ @22)00 foau fo
L—LS—2¢6 2f28e ote

The infinitesimal scale transformation on scalar field ¢ is d¢ = (1 +
),0")¢. Here L, is scale invariant part of the Lagrangian. Prove
that: the above Lagrangian is scale invariant.

(10 points) solution: We have

SL = 6L, — p25pepe®l™ — &G B62c72f50 + 0,1’ o010 e!”

f2
substitute
5= (1 +x\02)p, 60 =a 0o+ [}

and using §Ls = 0, we have
0L = —pge® o1+ a0\)¢ — (ud) 9% f (2 Ono + F )

f2 Oule? f(arOno + f71)]0"e”
= (4 +220)(~ uo¢2 7+ 2 f26 el 791 el 7]

Here we assume the theory is a 4d theory, and so by integrating by

parts, the above Lagrangian is scale invariant.



(¢) Explain why a classically scale invariant Lagrangian for a quantum
field theory may fail to be scale invariant quantum mechanically.
(5 points) solution: For the perturbative quantum field theory, to
deal with divergence of loop diagrams, one need to do regularization
and renormalization. In doing regularization, we introduce a scale
which could spoil the classical scale invariance. This happens for
four dimensional A\¢* theory. It might be possible that one can find a
regularization and renormalization scheme such that scale invariance
is preserved quantum mechanically, this happens for four dimensional
N = 4 supersymmetric field theory.

6. Consider following Lagrangian for N scalar fields ¢%,a =1,..., N:
1 a gy ia 1 2 a  a 1 a ja\2
L:§6M¢ ot —§Mo¢ ¢ —g)\o(¢ ¢*)
Here the repeated index implies the summation over the index.

(a) Write down the propagator and interaction vertex for this model, and
write down four point Feynman diagrams up to one loop level.

(5 points) solution: See figure.

b
a a
a b
a b a C b
b
b
a b

(b) Define gy = Ao, and compute the order in gy and N for all the
diagrams listed in last question. If we fix the coupling gg, and let N
go to infinity, list the leading order Feynman diagrams in %

(5 points) solution:
The first diagram has order Ao = %, and the second diagram has
order (\g)? x NN, notice that there is an extra factor of N due to the

2
summation of internal scalar of type ¢, and so the order is % * N =

2 2
gﬁo. The third diagram has order A\2 = <%, and notice that here the
type of internal scalar is fixed, so there is no summation.



a c b
1 b
O
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3) b

a” Xo>b

By fixing gg, and in the large N limit, the first and second diagram
is of % order.



