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Individual
(Please select 5 problems to solve)

1. Let Z1, · · · , Zn be i.i.d. random variables with Zi ∼ N(µ, σ2). Find

E(
n∑

i=1

Zi|Z1 − Z2 + Z3).

2. Let X1, · · · , Xn be pairwise independent. Further, assume that
EXi = 1 + i−1 and that max1≤i≤n E|Xi|1+ε < ∞ for some ε > 0.
Show that

1

n

n∑
i=1

Xi
P−→ 1.

3. Let Z1, · · · , Z6 be i.i.d. random variables with Zi ∼ N(0, 1). Set

U2 =
(Z1Z2 + Z3Z4 + Z5Z6)

2

Z2
2 + Z2

4 + Z2
6

, V 2 =
U2(Z2

2 + Z2
4)

U2 + Z2
6

.

Find and identify the densities of U2 and V 2.

4. Suppose that three characteristics in a large propulation can be
observed according to the following frequencies

p1 = θ3, p2 = 3θ(1− θ), p3 = (1− θ)3,

where θ ∈ (0, 1). Let Nj, j = 1, 2, 3 be the observed frequencies of
characteristic j in a random sample of size n.

(a) Construct the approximate level (1 − α) maximum likelihood
confidence set for θ.

(b) Derive the asymptotic distribution for the frequency substitu-

tion estimator θ̂2 = 1− (N3/n)1/3.

5. (1) Suppose

S =

[
σ uT

0 Sc

]
, T =

[
τ vT

0 Tc

]
, b =

[
β
bc

]
,

where σ, τ and β are scalars, Sc and Tc are n-by-n matrices,
and bc is an n-vector. Show that if there exists a vector xc such
that

(ScTc − λI)xc = bc
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and wc = Tcxc is available, then

x =

[
γ
xc

]
, γ =

β − σvTxc − uTwc

στ − λ

solves (ST − λI)x = b.
(2) Hence or otherwise, derive an O(n2) algorithm for solving the

linear system (U1U2 − λI)x = b where U1 and U2 are n-by-
n upper triangular matrices, and (U1U2 − λI) is nonsingular.
Please write down your algorithm and prove that it is indeed of
O(n2) complexity.

(3) Hence or otherwise, derive an O(pn2) algorithm for solving the
linear system (U1U2 · · ·Up − λI)x = b where {Ui}p

i=1 are all n-
by-n upper triangular matrices, and (U1U2 · · ·Up − λI) is non-
singular. Please write down your algorithm and prove that it is
indeed of O(pn2) complexity.

6. (1) Let A ∈ Rm×n, i.e. A is an m-by-n real matrix. Show that
there exists an m-by-m orthogonal matrix U and an n-by-n
orthogonal matrix V such that

UT AV = diag(σ1, σ2, . . . , σp),

where p = min{m,n} and

σ1 ≥ σ2 ≥ . . . ≥ σp ≥ 0.

(2) Let rank(A)= r. Show that for any positive integer k < r,

min
rank(B)=k

‖A−B‖2 = σk+1.

(Hint: Consider the matrix Ak =
k∑

i=1

σiuiv
T
i , where ui and vi

are columns of U and V respectively.)


